Assignment 6: additional background
Density operator/matrix
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2) Mixed state

p = Z Pipi = Z pi WiXvil

Example:
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p2 =0.6, [¥p) =11):

p = 04111l +0.6 [y2) ]
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Reduced density operator

Suppose we have physical system consisting of the subsystems A and B whose joint
state is described by the density matrix pA8. The reduced density operator for the
subsystem A is
pa = trp P
where tr g is an operator map known as partial trace over system B. |t is defined as
pa = trglaibyXazby| = tr g (lagXaz| ® [b1){b2]) = lai)az| tr (1b1)b3))

where |a;) and |ay) are any two vectors in A, and |b) and |b,) are any two vectors in
B. tr (|b1){b7]) Is the usual trace, so, using the completeness relation, we get

tr (1b1)bal) = Y <klbyXbalk) = > (balk)kIby) = (ol [Z |k><k|) b1) = (balby)
k k k



Example

o= %(IOO)(OOI + [00)(11] + [11)<00| + [11){11])

The partial trace over the second qubit is

1
01 tro > (100)<00| + [00){11| + [T1)C00] + |11){11])

1
= 3 (10X¢0[€0]0) + |0)CT{1]|0) + [1)CO[KO[1) + |1){1|{1|1))
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Operator sum representation
IS a representation of quantum operations in terms of the operators on the principal
system only:

Let |e;) be the orthonormal basis for the finite dimensional Hilbert space of the envi-
ronment, and let p = |eg){eg| be the initial (pure) state of the environment. Then we
can express a quantum operation as

E(p) = tr oy [U (0 ® per) UT| = ) (erlU(p @ leg)eohUTlex) = > Eyp E}
k k

where E; = (e|Uley) is an operator on the Hilbert space of the principal system
called an operation element of the quantum operation. They satisfy

> E E =L
k



Example:

Assume the system is one qubit in the state p, and the environment is one qubit in

the initial state

Ep)

tr eny
= Weny

= Weny

|0), and the unitary operation is CNOT with the system as the control:

Ucnor (p®10)0) ULy 7|
:(P() I+ P ®X) (,0 ® [0){0]) (P() I+ P ®X)]

(Po® 1) (p® 00N (Po®1) + (Po® 1) (p®10)0]) (P ® X)

+ (P1®X) (0 ®0)0) (Po® 1) + (P1 ® X) (0 ®|0){0]) (P1 ® X)]
= treny [PopPo ®10)0] + PopP1 ® |0)01X + P1pPy ® X|0)0| + P1pP1 ® X|0)0|X]
= (T eny [PopPo ® |0)0] + PopP1 ® [0)1] + P1pPy ® [1){0] + P1pP1 & [1)(1]]
= PopPy (0|0) + PopP1 (110) + P1pPqy (0[1) + P1pPq (1]1)
= PopPo+Prp P



Assignment 7: background
Problem 5:

The energy eigenstates of harmonic oscillator |n):

Hin) = ha)(n + )In)

A density operator for the state of harmonic oscillator in the representation given by
the energy eigenstates

P = i i Pmnlm)n|.

m=0n=0



The action of the Hamiltonian A = H' onto the density matrix

Ap = ii pmnHIm)(n| = ZZhw(m )pmn|m><n|
m=0n=0 m=0n=0

pH = ZZ Pmnlm)(n|H = ZZhw(m )pmn|m><n|
m=0 n=0 m=0n=0

The density operator elements in this representation become just multiplied by the
Hamiltonian eigenvalues given by the corresponding eigenstate.



Commutator of the Hamiltonian and the density operator

[A.p) = Hp=pH= ) ) pmn(Alm)nl = m)nlA)
m=0n=0

2, i (m=n) pyn m)nl
=0
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where wy,;, = w(m — n).

For any function of the commutator we will get

F(LAPY) = > D B wmn) pmn lm)nl.

m=0 n=0



The Schrodinger equation for a density operator:

We start with the Schrodinger equation for a ket i) and its adjoint (|

d i d i
—)y=—H —{Y| = = H
W) =~ H ) — Wl =2 Wl
and combine these as follows
d_p

d d d
v - vl =(EI¢>) Wl + 1) (EWI)

= —% (HIW Y| — W)W H)

l
= 3 (Hp — pH)

l

— _ﬁ [H’p]

This holds also when the state is mixed, i.e. p = }; p; p;, as (:1—’; = 2iDi %;

E.



Unitary evolution of a density operator

p(t) = e i Vip) = 0N e g0y fmyal = DS O 0,(0) Iy

m=0n=0 m=0n=0

where the matrix elements transform as 0,,,(0) — pmn(t) = ¢~ iWmnl Omn(0).

This is completely equivalent to the expression

,O(t) — UP(O)UT — e—th/hp(O)eiHZ/h — Z men(o) e-i(d(lﬂ+%)l‘ |m>(n| eiw(n+%)t

m=0n=0

= i i e_iw(m_”)tpmn(()) Im{n| = i i e~ i@0mn b (0) Im){nl.

m=0n=0 m=0n=0



