MP465 — Advanced Electromagnetism

Lecture 17 & 18 Part II (9 April 2020)

2. General Consequences of the Boundary Conditions

What we’ll now do is look at the consequences of these for a very realistic
case, the case where we have a known EM plane wave travelling through a
medium and encountering another medium. More specifically, consider the
case mentioned a while ago where the region z < 0 is filled with medium 1
and z > 0 filled with medium 2. We now send a known EM plane wave from
inside medium 1 and try to figure out what the fields everywhere in space
are.

So we assume we have an incident monochromatic EM plane wave which
we are free to pick as we choose. (Think of setting up a laser and blasting
some material with its beam.) Thus, we know its frequency w, its wave vector

E[ and its polarisation given by some complex electric amplitude vector EO
so that the fields are

Ei(t,7) = Re [Eoei“w‘—wt)} . B, = % x Bi(t, 7).
Recall we’ve picked a coordinate system where the boundary is the xy-plane,
but this only specifies the z-axis, not the z- or y axes. Thus, without loss of
generality, we can pick these axes so that the incident wave vector EI lies in
the xz-plane, giving us the diagram below.
Note that this now allows us to define the angle of incidence #; as the
angle between kr and the z-axis, meaning that we can write

e nw . N N
ki = —— (sinf;é, +cosfré,)
c

because this wave is in medium 1 and therefore |k;| = w/v, = nyw/c. If we
put this wave vector in explicitly, then that gives

—

Ei(t,7) = Re{ﬁoexp [E(

nysinfrx + nqcosbfr z — ct)} } )
c
Now, let’s invoke some results we saw in MP205: if a wave travels along a
string with a given mass density, but then encounters a part of the string with



a different mass density, then is splits into a backwards-travelling reflected
wave and a forward-travelling transmitted wave. We assume the same hap-
pens here, namely, that as a result of the incident wave hitting the boundary,
there is a reflected wave in medium 1 of the form

Bn(t.7) = Re [ Eope @] | Bn(a,7) = 5 Finfe, ).
w

and a transmitted wave in medium 2 of the form

—

— = L7 — — l{,‘ —
Er(t,7) = Re | Egre'Frmem | Br(t,7) = =5 x Er(t,7).
w

In principle, the two wave vectors can point in any directions, so in general
we can say is that that phases in the exponentials may be written as

ERF— th = k?RxCIZ' + kRyy + kRzZ — th,

ET’F— th = k‘TzZL' + kTyy + szZ - th



with the only obvious restrictions being that kg, < 0 (so that it’s travelling
from the boundary through medium 1) and kr, > 0 (so that it’s travelling
from the boundary through medium 2).

But we just talked about the boundary conditions all the fields have to
satisfy. In this case, they're all at z = 0, but much hold over the entire
boundary and at all times, i.e. for all values of x, y and t. But at the
boundary, the phase of the incident wave is njwsin ; z/c — wt, which means
that the phases of all other waves must have the same form: specifically, they
can’t have any y-dependence and their time dependence must be —wt. Thus,
none of the wave vectors can have a y-component and thus are all coplanar
(in this case all in the xz-plane). Plus, all frequencies are the same; the
reflected and transmitted waves are the same colour as the incident wave.

If they’re all coplanar, this means we can define the angle of reflection 6z
and angle of transmission 0 as shown and thus |kg| = w/v; = nyw/c and
and |kr| = w/vs = now/c. All of this gives explicit expression for the two
new wave vectors:

- mw . N N

kr = —— (sinfgré, —cosbré,),
c

P NnaWw , . « N

kr = —— (sinfré, + cosbreé,)
c

But by again invoking the matching of the phases at the boundary, we note
that the z-dependence of all three waves must also be the same at z = 0,
and this gives us possibly the two most famous theorems in classical optics!
First, if the z-dependence of the incident and reflected wave must be the
same, then nywsinfg x/c = nywsinfy x/c, or §; = Og: the angle of incidence
is equal to the angle of reflection. A light beam bounces off a surface at the
same angle as it hits it.

Second, the matching of the z-dependence of the incident and transmitted
wave implies nowsin Oy z/c = nywsin@yx/c, or nysinf; = nysinfp. This
relation between the transmission angle and incidence angle is known as
Snell’s law and has been known empirically for centuries. It implies that if
ny # ng then 67 #£ 0; and the light beam changes direction when it moves
across the boundary; it refracts. This is precisely why we use the term “index
of refraction” (and also explains the cover image of Dark Side of the Moon).

So from this very general argument, we have derived the following basic
facts about what happens when a EM wave hits a boundary, and we can
take them as given (i.e. we don’t have to rederive them every single time):



all waves have the same frequency, all the wave vectors are coplanar and,
with the angles defined as above, 0; = 0z and n, sin 0y = ny sin Or.

The main reason for initially taking care of the spacetime dependence first
is that now our boundary conditions need only be imposed on the amplitude
vectors of the various fields, namely, all these constant complex vectors flying
around the place.

To see how this works we see that in medium 1, the total electric field is
EI + ER and in medium 2 it’s ET, so at the boundary z = 0,

—

El = E]+ER

2=0

= Re { <E:0 + E:UR) exp [% (nysinf;z — wt)] } ,

— —

Ey, = Er

z=0

= Re {ﬁw exp {Zﬁ (nysinfyz — wt)} } ,
c

where we've used 6; = i and Snell’s law. Thus, since the spacetime depen-
dence is the same for both fields at the boundary, any conditions they must
satisfy must be satisfied purely by the constant amplitude vectors. The same
argument holds when we look at the magnetic, electric displacement and
magnetic intensity fields: the sum of the incident and reflected amplitude
vectors and the transmitted amplitude vector must satisfy the appropriate
boundary condition.

And this will completely solve the problem: we’re given the properties of
each medium (permittivities, etc.), an initial frequency w, and initial direc-

tion f; and an initial amplitude/polarisation Ey. 0 and 67 are determined

from 6; and the two indices of refraction, leaving only EOR and EOT as un-
knowns. These are six complex numbers, but notice that that’s exactly how
many equations we have from the boundary conditions: two from the normal
components of D and B and four from the parallel components of E and H!
We have the same number of equations as unknowns, so we're guaranteed to
be able to find a unique solution.

(Well, almost; if you look at a weird situation like when the incident wave
is parallel to the surface, i.e. §; = /2, you don’t get a unique solution. But
for all nonpathological cases, we can find a solution.)



3. An Example

The previous section describes what we’d do the general case, but instead,
in this section we’ll look at a specific polarisation for the incident wave and
see how we use the above-described boundary conditions to solve for the
fields. (Another specific — and slightly easier — choice of polarisation will be
left for you to do in the next problem set.)

So what we’ll do is assume that our incident electric field is linearly po-

larised in the zz-plane, i.e. E has no y-component. However, we know it
can’t be any such vector; it must be perpendicular to the wave vector kj, as
shown on the next page.

It’s a matter of simple trigonometry to show that this choice gives

éo = &r(cosbyé, —sinbré,)

where &; is the incident amplitude (the strength of our laser beam, if you

like). Now, there’s also the reflected wave, and its amplitude vector Eor must
be perpendicular to its wave vector kgr. This condition only gives a relation



between its z- and z-components, since any component in the y-direction
will automatically be normal to kr. Thus, the most general form is

EOR = _gR (COS QR éx + sin QR éz) + ERyéy
for some numbers £ and ERy. Similar reasoning says the the most general

vector EOT that’s perpendicular to I;T is
EOT = (C:R (COS QT ém — sin 9T éz) -+ ETyéy

Now let’s impose the boundary conditions on the electric field, namely, that
the two components parallel to the boundary must match across the bound-
ary. In this case, those are the z- and y components, so we see that

<Eo + EOR> = (EOT> = &rcost; — ErcosOr = Ep cos O,
(E() + EQR> = (EOT> = ERy = ETy-

Now for the displacement field: in a linear medium with permittivity €, we
know that D = eE so in medium 1, this is el(EI + ER) and in medium 2 it’s
¢2Er. The normal component of both must be identical at the boundary, and
here it’s the z-component. This condition must be satisfied by the amplitude
vectors, giving

€1 (EO -+ EQR) = €2 (EOT> = —€ ((9[ sin 0[ -+ 53 sin 93) = _625T sin HT.

But notice that we already have two equations involving £ and &, so we
can solve them immediately: using 8z = 6; and rearranging the first and
third equations above gives

cos
Er+——& = &,
cos 0
sin 0 n
2 e o M2 g
€1 8in 07 N9€q

where we used sin 67/ sinf; = n;/ns in the the second equation. Now you
can solve these simultaneous equations using whatever your favourite method
is, with the result being

n1€9 COS 07 — nyeq cos O
Er &r,

n1€o cos B + no€q cos Op

£ — ( 2n9€; cos 01 )51-

n1€9 cOS 07 + noeq cos Or
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(We could replace 61 by arcsin(n; sin 67 /ns) if we wanted everything in terms
of the incident wave parameters, but let’s not and just assume we’ll compute
67 when we need it.)

Sadly, we’re not done; we still need to impose the conditions on the
magnetic and magnetic intensity field. These will be three more equations,
but it seems like we now only have two unknown parameters, F Ry and ETy.
We’ve determined £ and &p. Luckily, two of the upcoming equations will
give us results we already know, as we now see...

We now need to compute the magnetic fields for each wave, but this is
easy (if a little tedious):

= k =, E
By=-LxE, = ¢,
w c
= kR 5 7?,1 ~ N . A~ ~
Bor=—XxXFEyp, = — [ERy (cosOré, + sinfgé,) + SRey] ,
c
5 E i n ~
Bor = T Eyr = -2 [ETy (—cosfré, + sinfré,) + STéy} )
w c

One of our conditions is continuity of B, across the boundary, and here that
means

(Eo + EOR) = <§0T> = nlE'OR sin QR = nQEOT sin HT,

but if we use Snell’s law, this says Eor = Eop, which we already knew. Now,
since H = B/, the magnetic intensity in medium 1 is (B; + Bg)/p and in
medium 2 it’s By/us, so matching the parallel components at the boundary
gives

1 /= = 1 /> Fopcost Eor cos 0
~ (Bot Bon) = (Bor) = MEonORIR_ Tator (T
H1 z M2 T H1 M2

1 /> =, 1 /= n n

— <BO + BOR> = — (E0T> = -t (5[ —+ SR) = —QST

251 y o M2 Yy H1 H2

But the second of these is also redundant: using the definition of the index



of refreaction and Snell’s law, we see that

ny n? 1
M1 H1 Mg
sin 6;
= €& —
Ty sin Op
No€1 sin 9[
n3 sin O

B €18in 07\ noy
a exsinbyr ) o

S0, in fact, this equation is that same as we got from the D, condition.
So the only remaining unsolved equations are

Eor — Egr =0, niEypcosr/ 1 + naEor cos O /s = 0,

and since we assume all angles are strictly less that 7/2 (the pathological
case I mentioned earlier), the only solution to these is EOR = EOT = 0: like
the incident electric field, the reflected and transmitted electric fields have
no y-component and are thus given entirely in terms of the expressions for
Er and Er above.

And we’re done, at least for this particular case. In the next problem set,
I'll ask you to do the case where the incident field has only a y-component,

Eo = &réy. It’s slightly less tedious than this case, but still uses the same
idea of matching the appropriate components of the various fields in medium
1 to those in medium 2.

4. Reflection and Transmission Coefficients

Now let’s take a look at how the energy carried by the incident wave
behaves. We know that the time-averaged power flowing through a surface
element do is dP = (S) - dd. If the surface element is on the boundary

between two media, and the incident wave is E; = Re[Eoe!®17=4%)], then the

time-averaged incident energy current is (S;) = ky|Eg|?/2uiw and thus the



rate at which the incident wave deposits energy onto this bit of boundary is

AP = (S))-dé

Rl Ey 2
_ MlEE g5
2u1w

= £\50|2da cos 01
2

where 6; is the angle between the incident wave’s direction and the normal
to the surface.

Now we ask, what’s the rate at which this energy leaves this bit of bound-
ary? Since the reflected wave is also in medium 1 and has amplitude vector

Eor, we have <§R> = ER|EOR|2/2u1w and thus the reflected power is

dPp = (Sg)-d&
= ﬂ|E_:OR|2dO'COS Or.
241

The transmitted wave is in medium 2 and has amplitude vector EOT SO (§T) =

k| Eop|?/2paw and so the transmitted power is

APy = (Sp)-dd
Ny =
= —2|Eyr|’do cos 6r.
2[,62
We now define the reflection and transmission coefficients, denoted R and T’
respectively, to be the ratios of the reflected and transmitted powers to the
incident power, i.e.

dP, Eorl?

R = _,R:| PR’
B

T dPr  nopuy cos by | Egr|?

dP;  nypugcosty |E:0|2
(where we've used 6; = 0g).

In the absence of free charges/currents, all of the energy hitting the
boundary must be accounted for by the reflected and transmitted energy,
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so conservation of energy requites dP; = dPg + dPr, namely, R+ T = 1. (If
there are free charges, then some of the energy could be carried away in the
form of kinetic energy and so R+ T < 1.) Let’s compute these coefficients
for the example we considered in the previous section and make sure this
identity holds. .

With E, = Er(cosbré, — sinbré,), we found Eop = —Egr(cosbré, +

sinfgé,) and Eop = Er(cosOr é, — sinOré,) with

Er =

(n2€2 cos ; — ni€; cos QT) c
I

No€y cos O + nieq cos Op

£ — ( 2n1€, cos b )51-

Ng€g oS O + ny€q cos Op

The reflection coefficient is therefore

E2
r = [Eorl”

| Eol?
2
(’I’L1€2 cos 07 — ny€q cos 9T>

n1€9 coS O + noeq cos Or

and the transmission coefficient is

o _ e cosfr | Eor|?
n g oS O |Ey 2

Nojty cos O 4n3es cos? Or
2
nifiz cos 01 (nyey cos O + ngey cos fr)

nap€r  4ninage es cos Oy cos O

2 2
nifa€r (ni€s cos by + noey cosbr)
4nynae€q €9 cos Br cos O

(n1€3 cos O + no€q cos QT)2
since n?/n3 = pi€1/p2€2. You should be able to quickly show that
(n1€y cos ) — naeq cos QT)2 + 4ningerey cos By cos Oy = (nqeg cos by + naeq cos HT)2

and this will allow you to confirm that R+ 7T = 1 for this particular case (as
it must be in all cases with no free charges or currents).
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